INTRODUCTION
A numerical semigroup is a subset S of ‫ގ‬ such that is closed under sums, contains the zero and generates ‫ޚ‬ as a group. From this definition Ž w x. Ž one obtains see, for example, 2 that S has a conductor C i.e., the . maximum among all the natural numbers not belonging to S . A numerical semigroup S is called symmetric if for every integer z f S, C y z g S.
The study of the subsemigroups of ‫ގ‬ is a classical problem, which is equivalent to study of the sets of natural solutions of linear equations with w x coefficients in ‫.ގ‬ From 1970 and after the works 5, 6 and others, the study of the subsemigroups of ‫ގ‬ is also motivated by its applications to algebraic geometry. An example arises when we consider an analytically irreducible one-dimensional Noetherian local domain R, the integral closure V of R in the quotient field of R is a discrete valuation ring, if we assume that R and V have the same residue class field and we denote by Ž . the valuation attached to V, then S s¨R is a numerical semigroup.
R
Then properties on the semigroup S imply properties of the ring R. For R w x Ž w x. example, 6 proves that R is Gorenstein see 1 if and only if S is Our first aim in this paper is Theorem 1.3 which obtains an upper bound on the cardinal of a minimal relation of a symmetric semigroup. This bound will depend on the multiplicity of the embedding dimension.
Let S be a numerical semigroup such that 3 F e s m y 1. We will call this semigroup MEDSY because it has maximum embedding dimension in Ž . the set SY m of all symmetric semigroups with multiplicity m. These semigroups are characterized in Theorem 2.2, and they are exactly the Ž . elements in SY m whose minimal relations have maximum cardinality. Moreover, in Theorem 2.6, we will prove that: There is a bijective map between the symmetric semigroups with conductor C and multiplicity m and the MEDSY-semigroups with conductor C q 2 m, multiplicity m, and the rest of minimal generators greater than 2 m.
Our second aim in this paper is to study the set of all numerical Ž . semigroups with conductor C and multiplicity m, S S m, C . As a conse-Ž . quence of this study we give a partition of S S m, C such that each element of the partition is closed under the union and the intersection. The mentioned partition will have the same cardinal as the set of all the Ž . Ž . maximal elements w.r.t. the inclusion of S S m, C . These maximal elew x ments are characterized in 4 , and for the case where C is odd they are exactly the symmetric semigroups. Finally, and as a consequence of this Ž . study, we will see that the symmetric semigroups of S S m, C are in Ž . bijective correspondence with the elements of S S m, C which do not have x w minimal generators in the open interval Cr2, C .
TERMINOLOGY AND PREVIOUS RESULTS

Ž
. Let ‫,ގ‬ q be the semigroup of the natural numbers. A numerical semigroup is a subset S of ‫ގ‬ such that is closed under sums, contains the Ž . zero and generates ‫ޚ‬ as group ‫ޚ‬ is the group of the integer numbers .
Ž w x. From this definition one obtains see, for example, 2 the following results:
1. S has a conductor C, i.e., the maximum along all the natural numbers not belonging to S. Ž . 2. S has an unique minimal w.r.t. the inclusion system of genera-Ä 4 tors n -n -иии -n , and the greatest common divisor of the genera-0 1 p tors is one.
By : ‫ގ‬ pq 1 ª ‫ގ‬ we mean the semigroup homomorphism defined as a , a , . . . , a s a n q a n q иии qa n Ž .
and the kernel congruence of . Then we have the semigroup isomor-
of minimum cardinality for i.e., a subset of ‫ގ‬ = ‫ގ‬ with the . least possible cardinality generating , in short we will write a minimal relation for S. We denote by ࠻M RS the cardinal of a minimal relation for S. Ž . For any n g ‫ގ‬ we define the graph G s V , E as n n n
Ä 4
Vs ng n, . . . , n such that n y n g S Ä 4
Ž . Given a graph G, we will represent by NCC G the number of connected components of G.
For any n g ‫ގ‬ we define as
its connected components, then for every 1 F i F r we pick a vertex
n n w x The next result follows from 7 .
Ž . Given n g S _ 0 and 0 s w 1 -w 2 -иии -w n the smallest ele-Ž . ments of S in respective congruence class mod n. We denote RS n s Ä Ž . Ž .
Ž .4 Ž . w 1 , w 2 , . . . , w n . The existence of the set RS n is guaranteed since S has a conductor C.
A simple verification shows the following.
LEMMA 0.2. With the abo¨e conditions: 
Ž . see Lemma 0.2 and so C q n y n g S from Lemma 1.1. On the other 0 j w x Ä 4 hand, the edge n , n g E for all j g 1, . . . , i y 1, i q 1, . . . , p since i j n Ž . w x ny n qn sCqn yn gS; moreover, the edge n , n g E for all 
and so that n y 2 n y 1
SYMMETRIC SEMIGROUPS WITH MAXIMUM EMBEDDING DIMENSION
If S is a symmetric semigroup with minimal system of generators Ä 4 n -n -иии -n and n G 3, then p q 1 F n y 1 since
. . , n : RS n and n / w n . Thus, if SY n denotes the 
, then from Lemma 1.1 we have that RS n s 0 - n with j, k g 1, 2 , . . . , n . We are going to prove that j k ny 2 0 the converse is also true; i.e., G is not connected for all j, k g n qn
. In order to realize our study we will take into account two n y2 0 Ž . Ž . cases, according to the fact that n q n g RS n or n q n f RS n . in the case that n is an odd integer. 0 Ž . 2. In n q n f RS n , then in order to realize our study we will j k 0 take into account two cases, according to the fact that j s k or j / k. Ž . w x i If j/k, then the vertex n and n and the edge n , n are a
is not connected.
and n is a vertex of G , so this graph is not connected. After revision by the referee of this paper, he pointed out that the Ž . Ž . w x implication 1 « 2 of above theorem is well known; see 9 . The next w x result follows from 8 . Let A s 0 s w 1 , w 2 , . . . , w n be a subset of ‫ގ‬ such . , a , a , . . . , a g ‫ގ‬ such that w i q n s a n q
Ž a w 2 q a w 3 q иии qa w iy1 qa w iq1 qиии qa w n y Ž . q иии qa q a q иии qa G 2 and so w i y n g S which is con-
. . , w n y 1 q n is a minimal system of generators for SЈ. and from Lemma 1.1 we can assert that SЈ is symmetric. So we conclude that SЈ is a MEDSY-semigroup.
As a consequence of the above proof we can assert that if C is the conductor of S, then C q 2 n is the conductor of SЈ.
PROPOSITION 2.5. If S is a MEDSY-semigroup with minimal system of
, then the numerical semigroup SЈ gener-
y n is symmetric.
the other hand, applying Lemma 2.3 it is easy to prove that RSЈ s Ä Ž . Ž . Ž . Ž . 0 s wЈ 1 -wЈ 2 s n y n -иии -wЈ n y 1 s n y n -wЈ n s As a consequence of the Propositions 2.4 we have that ⌰ is a welldefined map, and as consequence of Proposition 2.5 we have that ⌰ is a bijective map.
Let S be a MEDSY-semigroup with conductor C and generated by Ä 4 n -n -иии -n . It is clear that C is an odd number and 3 F n F 1 r2 q i s qn for some q g ‫,ގ‬ then the semigroup S generated by
is a MEDSY-semigroup with minimum minimal generators n and conduc-
Proof. It is suffices to prove that S is symmetric, because it is clear that the system of generators above of S is a minimal system of generators, n 0 is the minimum minimal generator of S and C is the conductor of S.
A PARTITION OF THE SET OF NUMERICAL SEMIGROUPS
In this section we will study the set of all numerical semigroups with Ž . conductor C and minimum minimal generators n , S S n , C . In order to 0 0 realize our study we will take into account three cases:
In the first case, we clearly have that S S n , C is an unitary set whose 0 Ä unique element is the numerical semigroup generated by n , n q 
Proof. Let us prove first that S j h is a semigroup. If so, it will be Ä 4 enough to prove that 2 h g S and that h q s g S j h , for all s g S. We have that 2 h ) C, because h ) Cr2, and so 2 h g S. On the other hand, if Ž . Ž sgS and h q s f S, then h q s f S and C y h q s f S since if . C y h f S then C y h y s f S , which contradicts the hypothesis that h was the maximum number verifying this condition.
Ä 4 Obviously n is still the minimum minimal generator of S j h , so it is 0 Ä 4 enough to see that C f S j h , and this is clear because C / h, since C y C s 0 g S. Ž . 2. Let us prove first that S j S g S S n , C . It is enough to prove 1 2 0 that S j S is a semigroup because in this case C is clearly the conductor 1 2 and n the minimum minimal generator. To show this, we only have to 0 prove that if x g S and x g S then x q x g S j S , avoiding the 1  1  2  2  1  2  1  2 trivial case where x g S or x g S . Thus x , x are greater than Cr2, hence x q x is also greater than C, therefore x q x g S j S . sSlSsS, and so S j S g A A . We are going to give a convenient method to build all the elements of a layer given its maximum. For this purpose, we need some more definitions and two lemmas.
